Nuclear double β-decay with two neutrinos is a rare and important process for natural radioactivity of unstable nuclei. The experimental data of nuclear double β − -decay with two neutrinos are analyzed and a systematic law to calculate the half-lives of this rare process is proposed. It is the first analytical and simple formula for double β-decay half-lives where the leading effect from both the Coulomb potential and nuclear structure is included. The systematic law shows that the logarithms of the half-lives are inversely proportional to the decay energies for the ground state transitions between parent nuclei and daughter nuclei. The calculated half-lives are in agreement with the experimental data of all known eleven nuclei with an average factor of 3.06. The half-lives of other possible double β-decay candidates with two neutrinos are predicted and these can be useful for future experiments. The law, without introducing any extra adjustment, is also generalized to the calculations of double β-decay half-lives from the ground states of parent nuclei to the first 0 + excited states of daughter nuclei and the calculated half-lives agree very well with the available data. Some calculated half-lives are the first theoretical results of double β-decay half-lives from the ground states of parent nuclei to the first 0 + excited states of daughter nuclei. The similarity and difference between the law of α-decay and that of double β − -decay are also analyzed and discussed.
The discovery of natural radioactivity by Becquerel changed our views on the structure of matters and promoted the development of modern physics and modern chemistry. Rutherford identified that there are three kinds of natural radioactivity and named them as α-, β-and γ-rays [1] [2] [3] [4] . The structure of an atom is clear when Rutherford proposed the existence of a nucleus in an atom based on α-scattering experiments with α-particles from natural radioactivity. Researches on the problem of energy conservation in a β-decay process lead to Pauli's suggestion of the existence of a new particle, neutrino. Based on this idea, Fermi proposed the basic formulation of the weak interaction for the description of β-decay of a nucleus. In 1956, Lee and Yang proposed that parity cannot conserve for a weak process such as β-decay [5] . Wu and her collaborators carried out the β-decay experiment with polarized 60 Co nuclei and observed that parity symmetry was broken [6] . The vector and axial-vector theory (V-A) of the weak interaction for four fermions was founded in 1958 [7, 8] and is still widely used for the calculations of β-decay half-lives and double β-decay half-lives [9] [10] [11] .
The unification of weak and electromagnetic interactions is reached with the discovery of intermediate bosons and the standard model is well founded with the experimental confirmation of the Higgs particle. Currently new progress on physics processes with neutrinos or without neutrinos is being made. Some important processes with neutrinos are the measurement of θ 13 in neutrino oscillations and the weak processes such as the neutrino-induced reaction and the double β-decay with neutrinos. An important process without neutrinos is the search of the nuclear double beta decay without emission of neutrinos. In this article we focus on the research of half-lives of double β-decay with two neutrinos.
There are many experimental and theoretical researches on double β-decay with two neutrinos and without neutrinos [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . A list of available experimental data on decay energies and half-lives can be found in recent review articles [15, 16] and in nuclear data tables [17, 18] . Some recent experimental results on the half-lives of 130 T e are published in reference [14] and those of 136 Xe are published in references [12, 13] . Very recent data of 76 Ge are reported in reference [22] . As experimental data are accumulated for 11 double β-decay nuclei with neutrinos, to make a systematic analysis on them and to find a systematic law of data are useful for future researches.
Theoretically there are two kinds of calculations on double β-decay half-lives and nuclear matrix elements [10, 21, 23] . One is based on the nuclear shell model with an effective interaction from a renormalized g-matrix obtained with the Bonn potential [10, 21, 23, 25] . Another is based on the quasi-particle random-phase approximation (QRPA) or self-consistent renormalized random-phase approximation (RQRPA) [10, 21, 23] where the collective particle-hole excitation of nuclei is included and the intermediate-nucleus states are represented as a set of phonon states [10, 21, 23] . A recent review can be found in reference [21] . These calculations are very successful for the description of the double β-decay half-lives and nuclear matrix elements due to the much effort of theoretical physicists. They are in general very complicated, and require both sophisticated computer codes and experiences in the specific problem to generate results which can be compared with those obtained in the laboratory.
And in many cases different models generate different predictions, which can be no easily reconciled. In the cases of the two neutrino double β-decay, after decades of research there are plenty of theoretical half-lives for many possible candidates based on the calculations with the nuclear shell model or with the various quasi-particle random-phase approximation.
Although plenty of theoretical half-lives were reported for many nuclei, some recent experimental data are not covered by the calculations [16] . For example, it is observed there is the double β-decay from the ground state of 150 Nd to the first excited 0 + state of its daughter nucleus and there is no theoretical half-life on this [16] . Therefore further calculation on double β-decay half-lives is needed. Because there are plenty of calculations based on the the nuclear shell model and the various quasi-particle random-phase approximation, we do not carry out similar calculations to them and we try a different way to investigate the double β-decay half-lives in this article. It is believed that the different approach to double β-decay is useful for future development of the field and is also useful for future experimental research. It is widely accepted that only experimental data themselves can test the reliability of the prediction of the different approaches in physics.
At first we make a systematic analysis on the available data of double β-decay to the ground state of daughter nuclei. Up to now there are 11 nuclei which are observed to have double β-decay with two neutrinos and their decay energies and half-lives are listed in Table   1 . In Table 1 , the first column denotes the parent nucleus and the second column represents the experimental double β-decay half-life for the ground-state transition between the parent nucleus and the daughter nucleus. The experimental double β-decay half-lives are mainly presented in the references [15] [16] [17] and here the data are from reference [16] . We also list the logarithm of the half-life in column 3. Column 4 is the experimental double β-decay energy of the nucleus from the ground state of the parent nucleus to the ground state of daughter nucleus where the data are from the nuclear mass T e). This shows that the half-life is very sensitive to the decay energy and the relationship between them may be very complex by a glance of the data. In order to describe quantitatively the sensitivity and to find a law among the data, we introduce the logarithm of the half-life and also make a square root for the multiplication between the logarithm of the half-life and the decay energy. The square root of the multiplication is listed in the last column of Table 1 . It is clearly seen from the last column that the variation of the square root of the multiplication is in a very narrow range from the minimum 1.606
to the maximum 2.876. This fact strongly suggests that a constant value can be a good approximation for the multiplication of the logarithm of the half-lives and decay energies.
The physics behind this will be discussed later in this article. This is the starting point of our researches and we simply write it in the following mathematical equation between the logarithm of half-life and the decay energy,
Here a is a constant and its value is to be determined. We will discuss the meaning of this constant later and will point out that the constant a is from the universal properties of the weak interaction for the decay process of different nuclei.
For a better description of the double β-decay half-lives, the effects from the Coulomb potential and from nuclear structure should be taken into account. It is well known from the β-decay theory [2] [3] [4] that the effect from the Coulomb potential can be derived from quantum mechanics and its expression in the nonrelativistic case is given in some textbooks
where η = (Z/137) (ǫ/cp) and ǫ is the energy of electron and p is the magnitude of the electron momentum.
Usually the correction of the Coulomb potential should multiply the square of the matrix element to obtain the probability of β-decay [2] [3] [4] . This correction factor is close to unity for light nuclei but it has an evident effect for heavy nuclei. In the usual β decay or the double β-decay of this article, the speed of an electron is very close to the speed of light (v e ≈ 0.86 − 0.95 c) and therefore (ǫ/cp) is close to unity. For the denominator of Eq. (2) it is also a good approximation to choose it to be unity for heavy nuclei. Therefore we only keep the leading term of equation (2) for simplicity and a correction of the Coulomb potential for double β-decay half-lives is approximately −2 lg((2πZ)/137) to the numerator of equation (1) where Z is chosen to be the charge number of parent nuclei and this is also for the convenience of calculations. This correction is approximately zero for light double β-decay nuclei such as 48 Ca and it can give significant contribution for heavy nuclei such as
Now let us take the nuclear structure effect into account to some extent. We keep with the same spirit to the correction of the Coulomb potential and only include the leading effect from the strong interaction. For nuclear structure, the most important effect from the strong interaction of nucleons is the existence of magic numbers and this corresponds to the appearance of nuclear shell structure in nuclei. The nuclei with magic number are more stable than non-magic nuclei. For the numerical calculations of both shell model and mean-field model, the first step is the choice of the number of valence nucleons. For the double β-decay process it involves a change of two neutrons into two protons for nuclei with the same nucleon number (A). It can be observed if other decay mode such as a single β-decay is forbidden in energy. Based on this we simulate the leading effect of nuclear structure (i.e. shell effect) by introducing an addition quantity S to the numerator of equation (1) . S = 2 when the neutron number of a parent nucleus is a magic number and S = 0 when the neutron number is non-magic. Whether this choice is suitable can be tested by the numerical results of this article. In this way we do not touch the details of the complex nuclear potential and we also avoid solving the very complicated nuclear many-body problem. So a new systematic law of double β-decay half-lives is proposed to be
where the constant a is obtained by fitting the experimental data of Table 1 and its value is a = 5.843. We will point out later that the physical meaning of a is related to the square of the strength of the weak interaction which leads to the instability of a nucleus. Z is the charge number of the parent nucleus. S = 2 when the neutron number of parent nuclei is a magic number and S = 0 when the neutron number of parent nuclei is not a magic number. The number of parameters of equation (3) is two if both a and S are considered to be adjusting parameters. The number of parameters of equation (3) is one if only a is considered to be an adjusting parameter and if S is accepted to be from the shell effect (in the shell model and in the mean-field model people naturally choose the valence number with reference of magic numbers). In a word, the number of adjusting parameters in equation (3) is the least as compared to a model with an effective potential because one needs two parameters (depth and force range) to define a central potential and a third parameter to define the strength of the spin-orbit potential. Because the equation (3) The numerical results from equation (3) are drawn in Figure 1 and also listed in Table 2, together with experimental half-lives and decay energies. In Fig.1 , the X-axis is the nucleon number and the Y-axis is the logarithm of the double β-decay half-lives. Experimental data and calculated results with equation (3) are denoted with different symbols in the figure. It is seen that the calculated results are close to experimental data and reasonable agreement is achieved for eleven nuclei which are observed to have double β-decay with two neutrinos. We make a detailed discussion on the calculated results of Table 2 . In Table 2 columns 1-4 are experimental data and they have the same meaning as columns 1-4 of Table   1 . Column 5 is the logarithm of the calculated double β-decay half-lives with equation (3) . The last column is the logarithm of the ratio between experimental double β-decay half-lives and calculated ones and it shows the deviation between experimental half-lives and calculated ones. When the deviation is less than 0.301, the agreement between the experimental half-life and the calculated one is within a factor of two (lg2=0. In Table 3 we predict the double β-decay half-lives with two neutrinos for eleven nuclei.
This corresponds to the decays between the ground states of parent nuclei and daughter nuclei and their mass numbers lie in a very wide range from 46 Ca to 244 P u. They are the good candidates to observe the double β-decay with two neutrinos. In Table 3 , the first column denotes the parent nuclei and the second column is the experimental decay energies where the experimental data are from the nuclear mass tables [17, 18] . Ey. These will be tested by future measurements.
Recently it is also observed that the double β-decay with two neutrinos can occur from the ground state of parent nuclei to the first 0 + excited state of daughter nuclei [16] . Based on the successful description of the double β-decay half-lives of ground-state transitions with equation (3), we now generalize the equation (3) to the calculation of double β-decay half-lives to the first 0 + excited state of daughter nuclei. We list the numerical results in Table 4 , together with experimental decay energies and two experimental half-lives from the decay of 100 Mo and 150 Nd to the first 0 + excited state of the daughter nuclei [16] . For the half-life from 100 Mo, the calculated result is approximately the same as the experimental one. For that of 150 Nd, the calculated result agrees with experimental one within a factor of two (lg2 = 0.301). It is seen without introducing any extra adjustment in the law that very perfect agreement is reached for the available data when the law is extended to the decay to the first 0 + excited state of daughter nuclei. This confirms the validity of the law. According to the newest review article of the double β-decay with two neutrinos [16] , no theoretical half-life is reported for the decay from 150 Nd to the first 0 + excited state of the daughter nucleus. Therefore the calculated half-life of 150 Nd in Table 4 is the first theoretical result.
Besides the experimental half-lives of 100 Mo and 150 Nd, there are not definite half-lives from the measurement of other nuclei in Table 4 [16]. Our calculated results are above the low limit of the half-lives for other nuclei [16] .
After we present numerical results for double β-decays to both the ground state and to the first 0 + excited state of daughter nuclei, it is useful to discuss the physics behind the new law. For this purpose we compare the differences and common points between α-decay and double β-decay because both of them are two important decay modes of unstable nuclei. It is known that the half-lives of α-decay can be calculated by the Geiger-Nuttall law or the Viola-Seaborg formula with a few parameters [35, 37, 38] . A new version of the Geiger-Nuttall law is proposed [37] and it can well reproduce the experimental half-lives of both α-decay and cluster radioactivity [35, 37, 38] . The new Geiger-Nuttall law between α-decay half-lives (in seconds) and α-decay energies (in MeV) of ground-state transitions of even-even nuclei is [37] 
In this equation the values of three parameters are a = 0.39961, b = −1.31008, c e−e = −17.00698 for even-even (e-e) nuclei [37] . T Table 3 of the newest review article [16] . The calculated results (Ey) from other groups are also listed in the last two columns for comparison and these are also taken from Table 3 of the review article [16] . the shell effect of N=126 on α-decay half-lives. The value of S for ground-state transitions of even-even nuclei is: S = 0 for N ≥ 128 and S = 1 for N ≤ 126 [37] .
When we compare the new Geiger-Nuttall law of α-decay half-lives (equation (4)) with the new systematic law of double β-decay half-lives (equation (3) 
